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1 Introduction 

In [8] the current authors presented the theory of generalized principal Lyapunov 
exponents for linear random parabolic partial differential equations (PDEs) of 
the form 

du A d du \ ^, fr, \ du 

i—1 ^ ^ ' i—1 ^ 

+ co(0tw, x)u, t > s, X G D, 

where D C endowed with boundary conditions of either Dirichlet or Robin 
type, driven by an ergodic flow (0t)tgR on D. The second- and first-order coeffi¬ 
cients of the equation are assumed to be bounded uniformly in w S D, whereas 
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as concerns zero-order coefficients some integral-type conditions are required. 
That generalizes the theory in , where it was assumed that all the coefficients 
are bounded. 

The generalized principal Lyapunov exponent is defined as the logarithmic 
growth rate of some distinguished solutions (see Theorem 12.If il-liill. It comes 
out that the generalized principal Lyapunov exponent is just equal to the top 
Lyapunov exponent fTheorem 12 .1 f ivl 1. Moreover, for any nontrivial nonnega¬ 
tive solution its logarithmic growth rate equals the generalized principal Lya¬ 
punov exponent (Theorem 12.If iiill. 

Bearing in mind that Lyapunov exponents have relevance for establishing 
(in)stability of nonlinear PDEs of parabolic type, it is very important to find 
ways of estimating them. 

It is the purpose of the present paper to give some estimates of formulas for 
the generalized principal Lyapunov exponent. 

The paper is organized as follows. In Section [5] some preliminaries are given. 
In particular, the standing assumptions are established, and necessary results 
from [5] are presented. Section [3] is devoted to the proof of the integral formula 
of the generalized principal Lyapunov exponent (Theorem 13.11) . In Section |4] 
an upper estimate is presented of the generalized principal Lyapunov exponent 
in terms of the principal eigenvalues of the (elliptic) equations with “frozen” 
coefficients (Theorem 14.I|) . 

2 Preliminaries 

In the present section we introduce the main concepts and assumptions, and 
formulate the main results on generalized principal Lyapunov exponents, as 
presented in [5]. 

By a measurable space we understand a pair (P, fp), where P is a set and 
fp is a CT-algebra of subsets of P. For measurable spaces (P, fP) and (P, 91), a 
function /: P —>• P is (fp, -measurable if for any A e 91 its preimage, 
belongs to (p. 

By a measure space we understand a triple (P,(p,^), where (P, (P) is a 
measurable space and /r is a measure defined on (p. When fi is finite we speak 
of a finite measure space, and when pL{P) = 1 we speak of a probability space. 

For a metrizable space X, 95 (9f) denotes the ct- algebra of Borel sets of X. 

For further reference, we give now a special form of Pettis’ theorem. 

Proposition 2.1. Let (P, (p,/x) be a finite measure space and let C(Y) be the 
separable Banach space of all continuous real functions on a compact metrizable 
Y. For a function f: P ^ C{Y) the following properties are equivalent. 

(a) / is (f^,^{C(Y)))-measurable. 

(b) For each y €Y the function 

[P ^ p^ f{p){y) eM] 
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is -measurable. 

Proof. By [J Lemma 11.37 on p. 424], the function / in (a) [resp. the functions 
[p f{p){y) ] in (b)] are measurable if and only if they are strongly measurable 
(that is, ^-a.e. limits of simple functions). [U Corollary on pp. 42-43] implies 
that / is strongly measurable if and only if for each y GY the functions [p 
f{p){y) ] are strongly measurable. □ 

Assume that ((fl,S',P), (^t)t6R) is a metric flow: (r2,S',P) is a probability 
space, and diExfl^-flisa (*8(IR.) 0 S^, 5^)-measurable mapping such that the 
following holds, where, for t gM. and w G 11, 9tUJ stands for d(t,uj): 

• Oqui = Lo for any w G H, 

• 6 t^+t 2 ^ = 6tfl9t.^ui) for any ti,t 2 G M and any uj G fl, 

• for each t G K the mapping dt: H ^ 11 is P-preserving (i.e., P(0^^(P")) = 
P(F) for any F G S' and 1 G K). 

Sometimes we write simply (dt)tGR for a metric flow. 

Throughout the paper the standing assumption is that ((11,S,P), (6*t)tGR) is 
a metric flow which is moreover ergodic: If F G S^ is such that 9t{F) = F for 
all t G K (in other words, F is invariant), then either P(F) = 0 or P(F) = 1. 
Furthermore, the probability measure P is assumed to be complete. 

Consider a family, indexed by w G H, of linear second order partial differen¬ 
tial equations 


du 

'm 


a /A .du \ 

= ^ (^tw, x)-^ + a^ i9tuj, x)u\+}_^b^ {9tuj, x) — 

i—1 ^ ^j—1 ^ ^ 

+ co(0tw,x)?i, t> s, X G D, 


( 2 . 1 ) 


where s G M is an initial time and D C M.^ is a bounded domain with boundary 
dD, complemented with boundary condition 


Sg^ujU = 0, t > s, X G dD, 


( 2 . 2 ) 


where 


u 

N , N 


BujU = < 


, .du , 

+ afloj,x)u 


(Dirichlet) 

(Neumann). 


i—1 ^j — 1 
N / N 


/ Qy^ \ 

ajj (uj, x) + ai{ui,x)u\vi + do{uj,x)u (Robin). 

^ i—1 ^j—1 ^ ' 

Above, V = {yi ,..., vjq) denotes the unit normal vector pointing out of dD. 
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When we want to emphasize that (IO)+(l^ is considered for some (fixed) 
cj G ri we write 

Throughout the present paper, ||'|| stands for the standard norm in L 2 {D) 
or for the standard norm in C{L 2 {D)) (= the Banach space of bounded linear 
operators from L 2 {D) into L 2 {D)), depending on the context. L 2 {D)^ denotes 
the set of those functions in L 2 {D)~^ that are nonnegative Lebesgue-a.e. on D. 

We make the following assumptions (a is a positive constant). 

(AO) (Boundary regularity) D C is a bounded domain with boundary dD 
of class (7^+“, for some a > 0. 

(This is the first item in assumption (R)(ii) in [5].) 

(Al) (Measurability) The functions Uij : Q x D ^ M. (i, j = 1,..., N), x 

I? —>• R {i = 1,..., N), bi'. n X D ^ M. (i = 1,..., N) and cq: x D ^ M. 
are (5^(8>18(I?), ?8(]R))-measMra61e. In the case of Robin boundary conditions the 
function do: x dD —>■ [0, oo) is 0 ^(dD), ^B(R))-measurable. 

(This is assumption (PAl) in [8].) 

For w G n let a“-: R X D —!> R be defined as 

x), 


and similarly for af, etc. 

(A2) 

(i) (Boundedness of second order terms) For each uj G the functions afj 
(i, j = 1,..., N) and af (i = 1,..., N) belong to C^+“’^“''“(R x D). More¬ 
over, their C'^^“’^“'"“(R x D)-norms are bounded uniformly in ui G fl. 

(ii) (Boundedness of first order terms) For each uj G It the functions bf (i = 

belong to C'^+“’^“''“(R x D). Moreover, their x 

D)-norms are bounded uniformly in ui G II. 

(hi) (Boundedness of boundary terms) In the Robin boundary condition case, 
for each lo G It the function df belongs to C'^“'"“d+“(R x dD). Moreover, 
their x dD)-norms are bounded uniformly in ui G H. 

(iv) (Local regularity of zero order terms) For each lu G It and each T > 0 the 
restriction Cq |[o,T]xfl belongs to C^’^{[0,T] x D); 

(A2)(i)-(iii) are just the second, third and fourth items in assumption (R)(ii) 
in 0 .) 

For each u) Git put 

Co~^(‘a) :=-(inf co(w,x)) , c[,'^^(w) := (sup co(w, x))"^. 

Under (A2)(iv), for each uj G It, —oo < Cq~^(uj) < 0 < Cq^^(w) < oo. Moreover, 
the following result holds, which we state here for further reference. 
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Lemma 2.1. Assume (Al) and (A2)(iv). 

(i) The mappings 9 w M- Cq^^(w) G K] are -measurable. 

(ii) For each w G 12 the mappings [K 9 i i—>■ cl^\0tuj) G R] are continuous. 
Proof. In order to prove part (i) it suffices to prove that [w i-)- inf co(a;,a:)] 

x^D 

and [uj 1 -^ sup co(uj, x) ] are fB(K))-measurable. It follows from (A2)(iv) that 

x^D 

co{u), •) belongs to C{D). Let be a dense subset of D. It is a consequence 

of (Al) that for each k the function [w !->■ co(a;,a;fc)] is (5^, lB(K))-measurable. 
Since 

inf co{uj,x) = inf co{ui,Xk) and supco(a;,a;) = supco(a;, Xfc), 

xeD feeN 

we conclude the proof of part (i) by using the fact that the infimum/supremum 
of measurable functions is measurable. 

As (A2)(iv) implies that for each w G 12 the mapping [R 9 t !->• Cq(2, •) G 
C{D) ] is continuous, part (ii) follows in a straightforward way. □ 

(A3) (Ellipticity) There exists oq > 0 such that for each ui G there holds 

N N 

> ao ^ , e = (Cl, ■ • ■, Civ) e , 

i,j—l i—1 

and 

aij{0tu},x) = aji{9tui,x), iJ = l,2,...,N, 

for Lebesgue-a.e. {t,x) G R x 12. 

(This is assumption (PAS) in [5].) 

Under (AO) through (AS), for any w G 12, s G R and uq G L 2 {D) there 
exists a unique global weak solution, uo(-, s, uj, uq), of (I2.1I) ,.,+ (|2.2I) ,., with initial 
condition u(s) = uq. Moreover, this weak solution is in fact a classical solution: 

is satisfied pointwise on (s, oo) x D and (j2.2l) ,., is satisfied pointwise on 
(s, oo) X dD (see, e.g., [ 6 l Prop. 2.5.1]). 

Define 

Uuj{t)uo := u{t,0;uj,uo), {uj G fl, t > 0, uq G L 2 {D)). (2.S) 

‘j’ = ((^A; ( 0 )iJGn,ieR+, {9t)t&R) is a measurable linear skew-product semidy- 
namical system on L 2 {D) covering a metric dynamical system (dt)teK, called 
the measurable linear skew-product semiflow on L 2 {D) generated by (12.II) -I- (12.2|) 
(for definitions see [ 8 ]). 

Lemma 2.2. Assume (AO)-(AS). Then there exists 7 G R such that 

t 

\\Uu;{t)uo\\ < c^^^'^\6rUj)dr^ ||7io|| 

0 

for all w G 12, uo G L 2 {D)^ and t > 0. 
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Proof. The inequality follows by [51 Props. 3.4 and 3.5] and the monotonicity 
of the norm ll-jl (see, e.g., [a Subsect. 2.3]). □ 


We make further assumptions on zero-order terms. 

(A4) (Zero order terms) 

(i) The mapping [fl 9 w i-)- / c^^\9tuj) dt G [0,oo)] belongs to 

0 


(ii) the mapping [ 9 a; i-?- In^ f (cq^^ (9t0j) — Cq ^ (9t<^)) dt G [0, oo) ] belongs 

to 

(These are assumptions (PA0)(i)-(ii) in [8].) 

Lemma 2.3. Assume (A0)-(A2) and (A4)(i). Then Cq"*"^ G Li((n,U,P)). 

Proof. By Lemma [241 [fl 9 w i-9 c'^\9tU}) ] is, for a fixed t G K, (5^, *8(IR))-mea- 
surable, and [R 9 t i-9 Co^^(dtw)] is, for a fixed a; G fl, continuous. It follows 
from [T1 Lemma 4.51 on p. 153] that the function 


[ n X [0,1] 9 (w, t) 1-9 Cq’*’^ {9tuj) G R ] 


is (S' 0 1B([0,1]), *B(R))-measurable. Since is nonnegative, we can apply 
Tonelli’s theorem to conclude that 


i 

CQ^\9tUj) dt^ dF{uj) = J (^J c^o^\dtUj) dF{uj)^ dt 

c[,+^(w)d(6itP)(u;) ) dt. 


0 n 
1 


□ 


n 0 


0 n 

But 9tF = P for any t G R, so it follows that Cg'*’^ G Li((il,S,R))- 
We give now one of the main results formulated and proved in [8]. 
Theorem 2.1. A ssume (A0)-(A4). Then there are: 

• an invariant set Hq C Tl, P(r2o) = 1; 

• an (D)))-measurable function w: flo —5> L 2 {D)'^ with |jri;(a;)|| = 1 

for all uj G Ho? 


having the following properties: 

(i) 


w{9tijj) = 


Uuj{f)w{uj) 

\\U^{t)w(uj)\\ 


for any ui G flo and t > 0. 
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(ii) There is Ai S [— 00 , 00 ) such that for any lo G VLq, 


Ai = lim = / In Pi dP, 

t^-oo t , 


where 

pt(a;) = ||;7;^(t)i(;(a;)|| fort>0 

(iii) For any to € CIq and u G L 2 {D)'^ \ {0}, 

lim yMM = A.^ 

t^OO t 

(iv) For any lo € CIq and u G L 2 {D) \ {0} 

lm„upyMM<A. 

t—^oo i 


and 


„,„MMa=A., 

t^CO t 


Ai is referred to as the generalized principal Lyapunov exponent of $ (or 
of (IO)+(l^i. 


3 Integral Formula for Generalized Principal Lya¬ 
punov Exponent 


In this section we give a representation of the generalized Lyapunov exponent 
as the integral over LI of some function connected with the Dirichlet form. 

We assume that (AO) through (A4) are satished. 

Let V denote the Banach space as in [SJ Sect. 3] (in the Dirichlet or Neumann 
cases D is a closed subspace of the Sobolev space Wf{D)). 

For (jj G D the Dirichlet form •) is a bilinear form on V is defined 

as (we use summation convention) 


B^{u,v) 

:= j [{aij{uj,x)djU+ai{uj,x)u)diV — {bi{uj,x)diU+co{uj,x)u)v)dx, u,vGV, 

D 

(3.1) 

in the Dirichlet and Neumann boundary condition cases, and 
Buj{u,v) := J[{aij{uj,x)djU + ai{u!,x)u)diV — {bi{uj,x)diU + co{oJ,x)u)v) dx 

D 

+ J da{(jj,x)uv dF[]si-\, u,v€V, 


(3.2) 


dD 
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in the Robin boundary condition case denotes (iV —l)-diniensional Haus- 

dorfF measure, which is, under (AO), the same as surface measure). 

From the fact that any solution is classical it follows that w{uj) belongs to 
C^{D), hence the function k: ^ R, 

k{uj) := -B^{w{uj),w{uj)), 


is well defined. 

The following is the main result of this section. 

Theorem 3.1. 

Ai = y k{uj) dF{uj). 

Q 

In the case of bounded zero-order terms an analog of Theorem id.ll was proved 
in [B] (cf. in Thm. 3.5.3]). For analogs of the formula for other types of equa¬ 
tions, see the survey paper [5]. 

Before giving the proof of Theorem 13.11 we formulate and prove a couple of 
auxiliary results. 

Lemma 3.1. For any uj & VIq the mappings 

[{—oo,oo) 5 t 1 -^ w{0tuj) G 0^(0)] and [ (—oo, oo) 9 t M-K(0ttLi) G R] 


are eontinuous. 

Proof. Fix (jj G flo- By Theorem HHi), we have 
Ue 2uj{t + 2 )w{9-2lo) 


']{0tU}) = 


\\Ug_.20j{t + 2 ) w ( 0 _ 2 w )|| 


for - 1 < t < 1. 


Proceeding along the lines of the proof of m Proposition 2.5.1] one obtains that 
the mapping [ [—1,1] 9 t Ug_ 2 uj{t -|- 2 )w{ 9 _ 2 u:) G (7^+“(i5) ] is continuous, so 
a fortiori that mapping with [D) replaced by (D). We have thus proved 
that the restriction of the mapping [t i—>■ w{ 6 t 0 j) ] to [—1,1] is continuous. Since 
w G SIq is arbitrary, the mapping is continuous on its whole domain (—oo, oo). 

The continuity of the mapping [t i—> K.{BtL 0 )] is a consequence of the conti¬ 
nuity of the first mapping and (A2). □ 

Lemma 3.2. For any uj G Vhg there holds 

(i) 

= K{9tUj)\\Uu,(t)w{ui)\\ (3.3) 

T — t 

for all t G IR; 


dr 


\\U^{T)wiu;)\\ 
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t 


(3.4) 


(ii) 


In ||J7(^(i)t(;(w)|| = / K{OrU}) dr, 


for all t > 0. 

Proof. It follows from 0 Proposition 2.1.4] and the definition of k that 


t 

\\Uujit)w{ui)\\^ - ||17<^(s)'u;(w)||^ = -2y/ c(0^w)||C/^(t)-u;(w)|P dr 

S 

for any 0 < s < t. As, by Lemma 13.11 the integrand on the right-hand side 
above is continuous in r, the statement (i) follows by standard calculus (for a 
similar reasoning, see [S] Lemma 3.5.3]). Part (ii) is straightforward. □ 

Lemma 3.3. For each T > 0 the mapping 

[n 9 w !->■ Cq X D)] 

is (5^, ^((^^’^([O, T] X D)))-measurable. 

Indication of proof. We give only the first step of the proof. Namely, we prove 
that the mapping 


n 


^ uj I —y 


dt 


e C{[0,T] X D) 

[0,T]xD 


is ^((^([O, T] X i4)))-measurable. In view of ProDOsition l2.1l this is equivalent 
to showing that for t S [0, T] and x € D fixed the mapping 




is {'S, ®(K.))-measurable, which follows in turn from the fact that, for each n G N, 




is (1?, 18(R))-measurable and that ^^(t,x) = lim 

We apply the above reasoning now to the derivatives of Cq in t and Xi, of 
suitable orders. □ 

Lemma 3.4. The mapping w: Hq C^{D) is ifS{£>)))-measurable. 
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Proof. Write fio = U where 

M>0 

:= {w G rio : IIcq |[_i^o]xrillc3.2([_i,o]x_D) < M}. 

In view of Lemma for each M > 0 the set CIm belongs to So it suffices 
to prove the measurability of w restricted to CIm, for each M > 0. In order to 
do this, observe first that (A2) implies that the closure, Ym, of 

{ (®^'l[-l,0]xr)i®n[-l,0]xrii^^l[-l,0]xD>Ool[-l,o]x£)j'^0 I[-1,0 ]xd) ■ ^ } 

in the topology of C'([—1,0] x Z),x C([—1,0] x dD,R) is, by the 
Ascoli-Arzela theorem, a compact metrizable space (for Dirichlet or Neumann 
boundary conditions we put dg constantly equal to zero), consisting of functions 
whose (C'2+“’2+a([_i^ 0] xL),xC'2 +“’i+“([-1,0]x5, R^+i)xC'2+“'2+“([-l, 0] x 
cIZI,R))-norms are uniformly bounded. Define £m- t Ym as 

^m(w) := (a^ |[_i,o]xS! ®^l[-i,o]xSi ^^l[-i.o]xri! Cg |[_i^o]x_di <^0 l[-i,o]xri)- 

The (S', *B(lM))-ineasurability of £m is a consequence of Proposition 12.II 

For d = {dij,di,bi,co,do) € Ym and ug G £ 2 ( 0 ) denote by u{t]d,uo) the 
solution, on [—1,0], of (|2.1I1 + (|2.2L but with aij{9tU},x) replaced with dij{t,x), 
etc., satisfying the initial condition u{—l]d,uo) = uq. By an argument as in the 
proof of [6l Proposition 2.5.4], the mapping 

[Ym X £2(0) 9 (a. Mg) 1-9 M( 0 ;a, Mg) G C'^{D)] 


is continuous. 

The restriction equals the composition of 

[9 w I—>■ (fM(w)) 'w(0-iuj)) G Ym X £ 2 ( 0 ) ], 

which is (S, ^(Ym) 018(L2(D)))-measurable by construction and Theorem l2.Il 
and 

'Ym X {£ 2 {D)+ \ {0}) 9 (d,Mg) ^ G C\D) , 

L l|M(0;a,Mo)|] J 

which is continuous, since it follows from the parabolic strong maximum prin¬ 
ciple that m( 0; d, Mg) ^ 0 for Mg G £ 2 ( 0 )'^ \ {0}. It then follows that w: Dm —>■ 
C^{D) is (S, lB(C'^(D)))-measurable. □ 

Lemma 3.5. k: ft is {^,^{R))-measurable. 

Proof. By Proposition l2.ll and (A2), the mapping [D 9 w M- a“ (0, •) G C(i5)] 
is (S, ®(C'(D)))-measurable. As the mapping 

C{D) X C^{D) X C^{D) 9 {z,u,v) 1-9 J[z{x)dju{x))div{x)dx G R 

L D ^ 
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is continuous, it follows that 


9 w I—>■ J (^aij {lu, x)djw{u!)) diw(jjj) dx gR. 

^ D 

is (i?, *8(K.))-nieasurable. The measurability of the remaining summands is 
proved in a similar way. □ 

Lemma 3.6. k+ S Li((f2,3^,P)). 

Proof. Application of (I3.4L combined with Lemma |2.21 implies that, for some 
7 € M, 

t t 

J K{9rU}) dr < J CQ'^\9rUj) dr + 

0 0 

for all oj G 0,0 and t > 0. By the continuity of [[0,oo) 5 t K{9tU})] (see 
Lemma IXTl) and [ [0, oo) ^ 1 CQ'^^(0ta;) ] (see Lemma ETT ii')'). there holds 

k{u}) < Co^^(w) + 7 

for P-a.e. w G fl, which gives, via Lemma [2.31 the desired result. □ 


Proof of Theorem \3.1\ Application of the Birkhoff Ergodic Theorem (see, e.g., 
a) gives that for P-a.e. lo Gil 


t 


lim — 

t^OO t 


k[9tUj) dr 


«(-)dP(-), 


0 n 

from which the conclusion follows immediately. 


□ 


4 Estimates from above 

In the present section we consider symmetric problems of the form 

du 


1=1 1=1 


dXn 


co{9tijJ,x)u, 


Bg^cjU = 0 

where 


u 

N , N 


BuiU = 


du 




i=l ^7 = 1 
N / N 


t > s, X G D, 

t > s, X G dD, 

(4.1) 

(Dirichlet) 

(Neumann) 


y^fy^azj (cc,a:)-^ + do{uj,x)u (Robin). 

^ i—1 ^j—1 ^ ' 
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To emphasize that (14.11) is considered for some (fixed) w G we write (14.ip ,.,. 
We assume (AO) through (A4). 

The Dirichlet form •) takes the form: 


Bi^{u,v) = J (^{aij{uj,x)djU +co{ijj,x)u)v) dx, u,v€V, (4-2) 

D 

in the Dirichlet and Neumann cases, and 

Bi^{u,v) = j {(^aij{LO,x)djU+CQ(ijj,x)u)v) dx-\- J do{u},x)uv dH^-i, u,v£V, 

D dD 

(4.3) 

in the Robin case. 

It is well known (see, e.g., i) that, for fixed w G D, the largest (necessarily 
real) eigenvalue of the (elliptic) boundary value problem 


N Q / w 

a 


1=1 '~j=l 


du 


Au = ^ ^ aij{u},x)— j + co(w,a:)'u, x € D, 


(4.4) 


BojU = 0 


xGdD 


equals 


max{ -Bi^{u, u) : u eV, ||m|| = 1 }. 


(4.5) 


We will denote this quantity (called the principal eigenvalue of (14.11) ,.,') by 
Aprinc(w). Moreover, there exists v £ V, ||u|| = 1, such that v{x) > 0 for 
all a: G D and the maximum in (14.51) is attained precisely at v and —v. Such a 
V is called the normalized principal eigenfunction of gll),.. 


Lemma 4.1. [D 9 w i-)- Aprinc(w) G M] is -measurable. 


Proof. Since V is separable, we can take a countable set { G R : A: G N } 
such that llwfell = 1 for each A: G N and spanQj Ufc : A: G N } is dense in V. As 
[V \ {0} 9 M !->■ —Bi^{u,u)/\\u\\‘^ G M] is, for each w G D, continuous, we have 
that 


Aprinc(^) — max 


= sup 


-B^{u,u) ^ 

2 . U €: Y^U ^ 0 

hir 

-B^{u, u) 


hll 


: u G 


Mfe:A:GN},M7^0 >. 


(4.6) 


In view of the above it suffices to prove, repeating reasoning as in the proof 
of Lemma 13.51 that for each nonzero u G spanQ{ Mfe : A: G N} the mapping 
[fl 9 w !->■ —Bi^{u,u)/\\u\\'^ G K] is (S', f8(M))-measurable. □ 

Lemma 4.2. [D 9 w Ap,.;jjj,(w) G K] G Li((D,S,P)). 
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Proof. By copying the reasoning as in the proof of Lemma 13.61 we obtain that 



for all w € ri, which gives, via Lemma [131 the desired result. 


□ 


Since, by 631), k{u!) < Aprinc(w) for P-a.e. w € fl, we have the following 
result. 

Theorem 4.1. 


/ 


Ai < / Aprinc(w)dP(w). 


(4.7) 


n 


References 

[1] C. D. Aliprantis and K. C. Border, “Infinite Dimensional Analysis. A Hitch¬ 
hiker’s Guide,” third edition. Springer, Berlin, 2006. MR 2008m:46001 

[2] J. Diestel and J. J. Uhl, Jr., “Vector Measures,” with a foreword by B. 
J. Pettis, Mathematical Surveys, No. 15, American Mathematical Society, 
Providence, R.L, 1977. MR 56 #12216 

[3] L. C. Evans, “Partial Differential Equations,” Grad. Stud. Math., 19, 
American Mathematical Society, Providence, R.L, 1998. MR 99e:35001 

[4] U. Krengel, “Ergodic Theorems,” Walter de Gruyter, Berlin, 1985. MR 

871:28001 

[5] J. Mierczyhski, Estimates for principal Lyapunov exponents: A sur¬ 
vey, Nonautonomous Dynamical Systems 1 (2014), no. 1, pp. 137-162. 
arXiv:1406.0992, 

[6] J. Mierczyhski and W. Shen, “Spectral Theory for Random and Nonau¬ 
tonomous Parabolic Equations and Applications,” Ghapman & Hall/GRC 
Monographs and Surveys in Pure and Applied Mathematics, Chapman & 
Hall/GRC, Boca Raton, EL, 2008. MR 2010g:35216 

[7] J. Mierczyhski and W. Shen, Principal Lyapunov exponents and principal 
Floquet spaces of positive random dynamical systems. 1. General theory, 
Trans. Amer. Math. Soc. 365 (2013), no. 10, 5329-5365. MR 3074376 

[8] J. Mierczyhski and W. Shen, Principal Lyapunov exponents and principal 
Floquet spaces of positive random dynamical systems. III. Parabolic equa¬ 
tions and delay systems, J. Dynam. Differential Equations, in print, DOI: 
10.1007/sl0884-015-9436-z. 


13 


